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Abstract
Let G be the semidirect product Γ ¸ F2 where Γ is either the free
group Fn, n ą 1 or the fundamental group Sg of a closed surface of genus
g ą 1. We prove that G is incoherent, solving two problems posed by D.
Wise. This implies an affirmative answer to a question of J. Hillman on
the fundamental group of a surface bundle over a surface.
1 Introduction
Given a class of groups C, it is natural to ask about the structure of the finitely
generated subgroups of groups in C. In some cases, such subgroups are already
in C. This is true for the classes of free, surface and compact 3-manifold groups
[Sco73].
If the class C is not closed under taking finitely generated subgroups, one
can ask more specific questions about these subgroups. In this paper we are
interested in the property of coherence.
Definition 1.1. A group G is said to be coherent if every finitely generated
subgroup is finitely presented.
We say that a group is incoherent if it contains a finitely generated subgroup
H which is not finitely presented. In this case, we say that H is a witness to
incoherence.
From the remarks above, the classes of free groups, surface groups and
compact 3-manifold groups are coherent. Other classes of coherent groups are
free-by-cyclic groups [FH99] and graphs of coherent groups with abelian edge
groups [KS70].
A natural class to consider is that of fundamental groups of hyperbolic 4-
manifolds, and here there are incoherent examples, see [BM94,Kap13,KPV08].
These groups behave very differently from the fundamental groups of hyperbolic
3-manifolds [KP91].
Moreover, if the fundamental group of an aspherical 4-manifold M with
χpMq ą 0 virtually algebraically fibers then it is incoherent [HK07].
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Alternatively, one may consider free-by-free groups or graphs of coherent
groups with free edge groups. Both of these attempts fail to have coherence,
since F2 ˆ F2 is incoherent [Sta77]. We will focus on the class of free-by-free
groups Fm ¸ Fn,m, n ě 2 and surface-by-free groups Sg ¸ Fn, g, n ě 2.
In both cases it suffices to study the case where n “ 2. We obtain the
following theorems.
Theorem 3.1. Let G “ Fm ¸ F2 with m ě 2. Then G is incoherent.
Theorem 3.1 answers Question 24 from [Wisar], and gives some evidence for
the following folklore conjecture:
Conjecture 1.2. Let G be a group with χpGq ą 0. Then G is incoherent.
There are now a lot of examples, besides the ones here, which are consis-
tent with this conjecture. As a partial converse, groups with a strong form
of non-positive Euler characteristic are expected to be coherent [Wis03,LW18].
Similarly, we have
Theorem 3.5. Let G “ Sg ¸ F2, with g ě 2. Then G is incoherent.
Theorem 3.5 answers Questions 25 from [Wisar]. Furthermore, we answer a
question of Jonathan Hillman [Hil15, Question 4, Section 11]
Theorem 3.7. The fundamental group G of an aspherical surface bundle over
a surface is coherent if and only if χpGq “ 0.
This completes a result of [FV19], and it excludes the existence of nontrivial
examples of coherent fundamental groups of aspherical Ka¨hler surfaces with pos-
itive irregularity. (This question was reduced to the case of Kodaira fibrations of
virtual Albanese dimension 1 by successive work of [Kap98,Kap13,Py16,FVar].)
We note that for g,m “ 1, S1 ¸ F2 and Z¸ F2 are coherent by [KS70].
One method for showing that a group with non-zero Euler characteristic is
incoherent is to show that it virtually (algebraically) fibers.
Definition 1.3. A group G is said to algebraically fiber if G surjects Z with
finitely generated kernel. We will sometimes abuse notation and say that the
group G fibers in this situation.
Indeed, the algebraic fiber cannot be of type FP since then the Euler char-
acteristic of the fiber would then be defined, and then the Euler characteristic
of G would be zero [Bro82, Chapter 9]. In some well-understood cases, for ex-
ample groups of cohomological dimension 2 [Bie76] or PD(4) groups [HK07],
the algebraic fiber is in fact a witness to incoherence for groups with non-zero
Euler characteristic. Our results leave the question of virtual algebraic fibering
open for these groups. We ask the following question:
Question 1. Let G be a free-by-free group or a surface-by-free group. Does G
virtually fiber?
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While we cannot say anything comprehensive for the classes of groups above
we have the following negative result.
Theorem 4.2. For each m ě 2, there exists a group of the form Zm¸Fn which
does not virtually fiber.
The proof of this theorem uses relative property (T) for pZm¸SLmpZq,Z
mq.
We believe that the recent proof of property (T) for AutpFmq [KKN18] form ě 5
suggests the possibility of a similar result for free-by-free groups.
Some sufficient conditions for virtually excessive homology in surface by free
groups were found in [JMS19].
Background on previous results used here is given below in Section 2. Our
main results are in Section 3. We discuss virtual algebraic fibering briefly in
Section 4.
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2 Background
The key tool for the proof of incoherence is the following result in [KW19].
Theorem 2.1. Let G “ Γ ¸ Fn, where Γ is either Fm or Sg, m, g ě 2. If
b1pGq ą n, then G is incoherent.
Note that the condition on b1pGq is referred to in [KW19] as excessive ho-
mology. Obviosuly, it is sufficient to show that any of the groups covered by
Theorems 3.1 and 3.5 contains a subgroup (even infinite index) with excessive
homology.
In order to prove that it will be convenient (although not strictly necessary)
to treat the case of free groups and surface groups in a slightly different manner.
In particular, the proof of the theorem that Fm ¸ Fn groups are incoherent is
by induction on m. The base case is given in [KW19].
Theorem 2.2. If G “ F2 ¸ Fn with n ě 2, then G is incoherent.
There it is shown that such groups have a finite index subgroup with exces-
sive homology.
The inductive step relies on Theorem 2.4, which implies that groups where no
free factor of Fm is invariant by the action of Fn have subgroups with excessive
homology. In order to do that, we will need the notion of a (virtually) RFRS
group defined in [Ago08].
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Definition 2.3. We say that a group G is RFRS (residually finite rationally
solvable), if there is a sequence of finite index normal subgroups Gi such that:
1. G0 “ G.
2. XiGi “ teu.
3. Gi`1 ě KerpGi Ñ H1pGi;Qqq.
The final condition shows that if g P Gi rGi`1, then g has infinite order in
H1pGiq. The second condition ensures that there exists i such that g P GirGi`1.
Therefore if G is RFRS, every non-trivial element of G has infinite order in the
abelianization of some finite index subgroup.
Theorem 2.4. Let G “ Fm ¸ F2,m ě 2. If there exists s P F2 such that
Fm ¸ xsy is RFRS, then G is incoherent.
Proof. We first remark that any finite index subgroup of a group G “ Fm¸xry
has a (perhaps further) finite index subgroup which is of the form Fp ¸ xr
ly
where Fp is finite index in Fm. Indeed, let H be a finite index subgroup of
G “ Fm ¸ xry and let Fp “ H X Fm. Then, as Fp is finite index in Fm, there
exists l such that xrly preserves Fp in Fm and such that rl P H . Let s P F2 be as
above. Let t be any other element of F2 such that xs, ty – F2. For example, pick
a t such that s and t generate disjoint cyclic subgroups. We can now look at the
subgroupK of G of the form Fm¸xs, ty. Let Ks “ Fm¸xsy and Kt “ Fm¸xty.
Then we may express K as K “ Ks ˚Fm Kt. We will find a subgroup of K, also
of this form, which has excessive homology and hence is incoherent by [KW19].
This will show G is incoherent.
Since all free-by-cyclic groups are large [But13], there is a finite index sub-
group Ht of Kt which surjects F2. Passing to a further finite index subgroup,
we can assume Ht “ Fk¸xt
ay, where Fk is finite index in Fm. Since Ht surjects
F2, the abelianization of Ht is of rank at least 2. Let g be an element of Fk
with infinite order image in the abelianization of Ht.
We can now pass to a power of s, sb, such that sb stabilizes this copy of Fk ă
Fm. Since the RFRS property is subgroup closed, the subgroup Hs “ Fk ¸xs
by
is also RFRS.
As this point we note that we have found a subgroup of G of the form
H “ Fk ¸ xs
by ˚Fk Fk ¸ xt
ay “ Hs ˚Fk Ht
where the left side (Fk ¸ xs
by “ Hs) is RFRS. Thus we can find a finite in-
dex subgroup Js of Hs which contains g and where g has infinite order in the
abelianization of Js. Since it is finite index, we can pass to a further finite index
subgroup to assume Js has the form Fl¸xs
cy where Fl is a finite index subgroup
of Fk. Again, since Fl is a finite index subgroup of Fk, there is a power of t
a,
td, which stabilizes this copy of Fl in this copy of Fk. Then Jt “ Fl ¸ xt
dy is a
finite index subgroup of Ht. Then we can form the subgroup
J “ Fl ¸ xs
cy ˚Fl Fl ¸ xt
dy “ Js ˚Fl Jt ă Hs ˚Fk Ht.
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Since g has infinite order in the homology of each side, the Mayer-Vietoris
sequence shows that g has infinite order in H1pJq. This shows that J has
excessive homology and is incoherent by [KW19]. Since J ă H ă G, G is also
incoherent.
Remark 1. In the course of this proof, we have produced an infinite index
subgroup J “ Fl¸F2 of G “ Fm¸F2, where Fl is finite index in Fm and where
J has excessive homology.
This proof also gives an infinite index subgroup which virtually algebraically
fibers. One may hope to use a similar technique to find a finite index subgroup
that virtually algebraically fibers. One way to find such a finite index subgroup
is to take the copy of F2 generated by s
c and td and find a finite index subgroup
of the original F2 in which this is a free factor. This would give a group of the
form Fl ¸Fn. The issue here is that the other n´ 2 monodromy maps may kill
the element g.
Let Sg be the fundamental group of a closed surface of genus g. The same
proof, with Fm replaced by Sg, g ě 2 yields that:
Theorem 2.5. Let G “ Sg ¸ F2. If there exists s P F2 such that Sg ¸ xsy is
RFRS, then G is incoherent.
There are related results in [Sun19], where the author considers free amal-
gamated products of the fundamental group of hyperbolic 3–manifolds along a
geometrically finite subgroup to show that they are non–LERF (and have an
algebraically fibered infinite index subgroup). While our setup, and the ingre-
dients of the proof, appear rather distinct, with the amalgamation in our case
taking place along a geometrically infinite subgroup when both factors are hy-
perbolic, it is quite possible that the techniques of [Sun19] could be used to
cover at least some of the results described here, for the case of surface groups.
We do not know if all of their examples all have a finite index subgroup which
algebraically fibers.
3 Incoherence
We will prove the following, which immediately shows that all free by free groups
are incoherent.
Theorem 3.1. Any group Fm ¸ F2 with m ě 2 is incoherent.
The following theorem shows that if any of the automorphisms in the mon-
odromy is fully irreducible, then the group is virtually RFRS. Recall that an
outer automorphism φ of Fm is fully irreducible if no power of φ leaves the
conjugacy class of any proper nontrivial free factor of Fm invariant.
Proposition 3.2. If φ is a fully irreducible element of OutpFmq, then Fm¸φZ
is virtually RFRS.
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Proof. Theorem 4.1 of [BH92] shows that if φ is not atoroidal, then it can be
realized as a pseudo-Anosov homeomorphism of a surface with boundary. In this
case, the group is virtually special and hence virtually RFRS [Wis12, Theorem
14.29].
Otherwise, the automorphism is atoroidal and the group is cubulated [HW16]
and hyperbolic [Bri00]. Hence the group is virtually special [Ago13] and hence
virtually RFRS [Ago08].
Putting this together we get the following:
Corollary 3.3. Let G “ Fm ¸F2. If the monodromy subgroup contains a fully
irreducible element, then G is incoherent.
We can assume that the monodromy gives an injective map F2 Ñ OutpFmq.
Otherwise, G contains a copy of F2 ˆ F2. This is well-known; see for example,
[KW19, Lemma 4.2] for details. Thus we can assume that the monodromy gives
a subgroup of OutpFmq. We can then use the Handel-Mosher subgroup theorem:
Theorem 3.4. [HM09] Let H be a subgroup of OutpFmq. Then one of the
following holds,
• H contains a fully irreducible element.
• There is a finite index subgroup of H which leaves a free factor invariant,
up to conjugacy.
Thus we can reduce to the case that the monodromy group leaves the con-
jugacy class of a free factor invariant. We can now prove Theorem 3.1.
Proof of Theorem 3.1. We will prove the result by induction. The m “ 2 case
is in [KW19], Theorem 2.2 above. Assume that Fk ¸ F2 is incoherent for 2 ď
k ă m. If the monodromy contains a fully irreducible element, then we are done
by Corollary 3.3. Thus, after passing to a finite index subgroup, we can assume
that the monodromy fixes the conjugacy class of a proper free factor of Fm by
Theorem 3.4.
If this free factor has rank ą 1, then we are also done by induction. Thus we
can assume that this free factor A has rank 1. Since the rank of the free factor
is 1 we can assume that the monodromy acts by conjugation on A.
We can now factor out the normal closure of A to get a quotient of the form
Fm´1 ¸ F2. We can now repeat this process until we arrive at a group of the
form F2 ¸ F2 or we have a fully irreducible element in the monodromy. In the
case that we have a group of the form F2 ¸ F2, we can pull back the finite
index subgroup with excessive homology to get a finite index subgroup of G
with excessive homology and so we are done by [KW19].
In the case that the quotient has a fully irreducible element in the mon-
odromy we proceed as follows. The quotient group is of the form Fr¸F2. From
Remark 1 there is an infinite index subgroup of the form H ¸ F2 where H has
finite index in Fr, such that H ¸ F2 has excessive homology. We can then pull
this finite index subgroup H back to a finite index subgroup K of Fm. We can
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also pull back the monodromy of H ¸F2 to the preimage N of the monodromy
of G. Up to taking a finite index subgroup we can assume that N stabilizes K.
Thus we can form the semi-direct product K ¸ Fk, where Fk acts by N . There
is a map to Z which factors through H ¸ F2 and is non-trivial when restricted
to K, since the latter group has excessive homology. Thus, we have found a
subgroup (of infinite index) which has excessive homology. This shows that G
is incoherent by [KW19].
We can apply the same technique to prove the following theorem.
Theorem 3.5. Let Sg be the fundamental group of a surface of genus g with
g ě 2 and G “ Sg ¸ F2. Then G is incoherent.
The key ingredient we need is the following:
Theorem 3.6. [Iva87] Let H be a subgroup of the mapping class group of a
surface. Then one of the following holds:
• H contains a pseudo-Anosov element.
• There is a finite index subgroup of H all of whose elements fix a curve on
the surface.
Proof of Theorem 3.5. Suppose that we are in the first case and there is an
element s of the monodromy which is pseudo-Anosov. Then the corresponding
surface-by-cyclic group is hyperbolic [Thu82] and virtually cubulated [BW12].
Thus it is virtually special [Ago13] and thus virtually RFRS [Ago08]. We can
now appeal to Theorem 2.5 to see that the corresponding surface-by-free group
is incoherent.
Suppose now that a finite index subgroup of the monodromy fixes a curve c.
Then the monodromy preserves the complement of this curve. Let Sg “ pi1pS, xq
where x is a basepoint not on c. Then take the subgroup of Sg generated by
loops at x which have zero intersection number with c. This is a free subgroup
of Sg which is invariant under the monodromy. Thus we get a subgroup of the
form Fm ¸ F2 and we can apply Theorem 3.1.
We can use this to obtain an answer to a question of Hillman in [Hil15,
Question 4, Section 11].
Theorem 3.7. The fundamental group G of an aspherical surface bundle over
a surface is coherent if and only if χpGq “ 0.
Proof. As observed in [Hil15], the only open case corresponds to surface bundles
with injective monodromy map Θ : Sh Ñ Out
`pSgq, for g ě 2. If χpGq ą 0,
then h ą 1 hence G contains a group of the form Sg ¸ F2 and so is incoherent
by Theorem 3.5 above.
If χpGq “ 0, then h “ 1 so the image of the monodromy map is a Z2-
subgroup of Out`pSgq, for g ě 2. By Birman-Lubotzky-McCarthy [BLM83]
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such a subgroup is reducible, namely after passing to a finite index subgroup
ΘpZ2q leaves a collection of simple closed curves in a surface of genus g, as well
as their complement, componentwise invariant. Pick a maximal such collec-
tion. On each component of the complement the monodromy subgroup is either
trivial or contains a pseudo-Anosov element. Passing to a further finite index
subgroup we can assume that each monodromy subgroup for each component of
the complement is either trivial or is cyclic and generated by a pseudo-Anosov.
Thus, G has a finite index subgroup which splits as a graph of groups. Each
vertex group is pi1 of surface (with boundary) bundle over a torus and the edge
groups H fit into a short exact sequence Z Ñ H Ñ Z2. The edge groups are
each the fundamental group of a Seifert fibered space over a torus.
Since the monodromy of each of the vertex groups is either trivial or cyclic,
Z2 can generated by a, b where a acts trivially or by a pseudo-Anosov and
b acts trivially. Thus each of the vertex groups is an extension of a fibered
3-manifold group by a central Z and hence coherent. Moreover each of the
edge groups are polycyclic and hence slender (meaning that every subgroup is
finitely generated). Since G is the fundamental group of a graph of groups
with coherent vertex groups and slender edge groups we can conclude that G is
coherent by [KS70].
4 Further directions: virtual fibering
This leaves open the question of virtual fibering for Fm ¸ Fn groups.
While we cannot answer this question in the Fm case, we can show that for
groups of the form Zm ¸ Fn there are examples that do not algebraically fiber.
The proof relies on relative property (T) for pZm ¸ SLmpZq,Z
mq.
Definition 4.1. [BdlHV08, Def 1.4.3] A pair of discrete groups pG,Hq with
H ď G has relative property (T), if every unitary representation of G with
almost invariant vectors has a non-trivial H invariant vector.
For the precise definition of almost invariant vectors see Definition 1.1 in
[BdlHV08]. Thus in any amenable quotient of G the image of H must be finite,
since an amenable group K has almost invariant vectors in the left-regular
representation on L2pKq. In particular, this holds for abelian quotients, since
abelian groups are amenable.
We can use this to find abelian-by-free groups which do not have excessive
homology in any finite index subgroups. This is enough to show that there
are abelian-by-free groups which do not fiber. Namely we prove the following
theorem:
Theorem 4.2. For each m ě 2, there exists a group of the form Zm¸Fn which
does not virtually fiber.
Proof. The pair pZm ¸ SLmpZq,Z
mq has relative property (T) when m ě 2.
[DLHV89, Ex. 1.7.4, 4.2.2]. Thus if Q is an abelian quotient of a finite index
subgroup H of G “ Zm ¸ SLmpZq, then Z
m XH has finite image in Q.
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Let φ : Fn Ñ SLmpZq be a surjection and build the associated extension
K “ Zm ¸ Fn. Thus there is a surjection p : K Ñ G “ Z
m ¸ SLmpZq given by
extending φ. Let N be an arbitrary finite index subgroup of K and H “ ppNq.
By passing to further finite index subgroups we can assume that N is of the
form Zm¸Fl for some finite index subgroup Fl ď Fn and finite index Z
m ď Zm.
Thus we may assume that H has the form Zm¸T for some finite index subgroup
T ď SLmpZq.
We now have split short exact sequences Zm Ñ H Ñ T and Zm Ñ N Ñ Fl.
Since these sequences are split we get inclusions Zm{rH,Zms Ñ H1pHq and
Zm{rN,Zms Ñ H1pNq. Since H has finite index in Z
m ¸ SLmpZq, and H1pHq
is an abelian quotient of H , Zm XH has finite image in H1pHq by the above
remarks for relative property T . The image of this intersection is Zm{rH,Zms,
so it is finite. Since the action of N on Zm is the same as that of H , we conclude
that Zm{rZm, N s is finite. Thus, we conclude that N does not have excessive
homology (in that the rank of H1pN,Zq is not greater than l) and so K does
not virtually fiber. See [FV19,KW19] for the equivalence of virtual fibration
and virtually excessive homology in the free-by-free case.
If one were to show that Fn¸AutpFnq satisfies property (T), then the same
proof could be applied to free-by-free groups. Another line of proof to show
that there are free-by-free groups that do not algebraically fiber would be to
show that vb2pOutpFnqq “ 0. This proof follows a similar reasoning to above
using the Stallings 5-term exact sequence. We reiterate our question from the
introduction.
Question 2. Are there free-by-free and surface-by-free groups which do not
virtually fiber?
Some sufficient conditions for virtually excessive homology in surface by free
groups were found in [JMS19].
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